Jet Schemes of Locally Complete Intersection 
Canonical Singularities 
by Mircea Mustafa 

with an appendix 
by David Eisenbud and Edward Prenkel 

Introduction 

Let X be a variety defined over an algebraically closed field k of 
characteristic zero. The mth jet scheme Xm of X is a scheme whose 
closed points over x G X are morphisms Ox,x — ^ k[t] / {t"^~^^) . When 
X is a smooth variety, this is an affine bundle over X, of dimension 
(m + 1) dim X. The space of arcs X^o of X is the projective limit 
Xoo = proj hm^X^. 

Our main result is a proof of the following theorem, which was con- 
jectured by Eisenbud and Frenkel: 

Theorem 0.1. IfX is locally a complete intersection variety, then X^ 
is irreducible for all m > 1 if and only if X has rational singularities. 

In the appendix, Eisenbud and Frenkel apply this result when X is 
the nilpotent cone of a simple Lie algebra to extend results of Kostant 
in the setting of jet schemes. 

Note that since X is assumed to be locally complete intersection, 
hence Gorenstein, a result of Elkik |EI[ and Flenner [0] says that X 
has rational singularities if and only if it has canonical singularities. 

We make also make the following conjecture toward a similar char- 
acterization of log canonical singularities. 

Conjecture 0.2. If X is locally a complete intersection, normal vari- 
ety, then Xm is pure dimensional for all m > 1 if and only if X has log 
canonical singularities. 



We prove the "only if" part of Conjecture ^]2| and show that the "if" 
part is equivalent to a special case of the Inverse of Adjunction Conjec- 
ture due to Shokurov and several other people (see ||Kol|| , Conjecture 
7.3). 

One should contrast Theorem p. 1| with the following result of Kolchin. 
Theorem 0.3 ( ||Kln|| ). If X is a variety over a field of characteristic 



zero, then X^o is irreducible. 

However, when X is locally a complete intersection and has rational 
singularities. Theorem |0.1| gives much more information about Xqo (for 
example, as we will see, it implies that Xqo is reduced). 
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The main technique we use in proving Theorem ^]T| is motivic inte- 
gration, as developed by Kontsevich, Denef and Loeser, and Batyrev. 
Here is a brief description of the proof of Theorem p.l| . Consider an 
embedding X G Y, of codimension r, where Y is smooth, and an 
embedded resolution of singularities 7 : Y — > Y for X. There is 
a function Fx on Yoo, defined by Fxiw) = OTd{w(3x,y)), where w is 
considered as a morphism w : OY,y — ^ ^[M]- By integrating the func- 
tion / o Fx on Yoo, for a convenient function / : N — > M, we get a 
Laurent series in two variables which encodes information about the di- 
mensions of Xm and the number of irreducible components of maximal 
dimension. 

Applying the change of variable formula in ||Bal|| or |PL1|| , this in- 
tegral can be expressed as an integral on Y^o and since 7^^(X) is a 
divisor with normal crossings, this can be explicitely computed. If 
7~^(X) = Yll=i^i-^i^ where Ei is the only exceptional divisor dom- 
inating X and the discrepancy of 7 is = ^j^^ hEi, then we see 
that bj > raj for all j > 2 if and only if dim Xm = (m + 1) dim X, 
and Xm has exactly one component of maximal dimension for all m. 
When X is locally a complete intersection, this says precisely that Xm 
is irreducible for all m. 

The last step needed is that this numerical condition is equivalent 
with X having canonical singularities when X is locally a complete 
intersection. We consider the following construction of 7: let p : -B — > 

Y be the blowing-up of Y along X, F the exceptional divisor, and p : 

Y — > B an embedded resolution of singularities for F G B. We take 
'J = po p and we show that the numerical condition is equivalent with 
{B,F) being canonical. By a result of Stevens [^, this is equivalent 
with F, hence X having canonical singularities. 

The computation of motivic integrals gives an analogous condition 
for a variety which is locally a complete intersection to have pure di- 
mensional jet schemes. The condition is that bj > raj — 1, for all j. 
Conjecture p.2| can therefore be translated into a conjectural analogue 
of the result of Stevens for log canonical singularities. 

The technique we use to describe singularities in terms of jet schemes 
can be applied also to study pairs (X, D), where X is a smooth variety 
and D an effective Q-divisor on X. For example, we prove in 

M the 

following characterization of log canonical pairs. 



Theorem 0.4. Let X be a smooth variety and D an effective divisor 
on X with integral coefficients. 
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i) For every positive integer n, the pair {X, ^D) is log canonical if and 
only if 

dim Dm < (m + 1) (dim X — 1/n), 

for all m. 

a) The log canonical threshold of {X,D) is given by 
c{X, D) = dim X — sup ^ 



^>o m+ 1 

In the first section of tlie paper we give the definition of jet schemes 
and discuss the irreducibihty condition for jets of locally complete in- 
tersection varieties. The condition that the jet schemes are irreducible 
(or pure dimensional) can be formulated in terms of the dimension of 
the space of jets lying over the singular part. 

Starting with equations of X in an affine space A^, it is easy to give 
equations for X^- If X is defined by {faiU)) C ... , t^Ar], then Xm 
can be defined in A("^+^)^ by (rf'^)o<i<m, where fl^^ G k[U, f/', . . . , f/^™)] 
is given by fa '' = D^{fa), D being the derivation taking to uf^^^ 
for I < m — 1. 

Using this explicit description and the irreducibihty criterion, one 
can check directly that some jet schemes are irreducible. We give ap- 
plications in the last section. 

We deduce from the description by equations that if X is locally a 
complete intersection and X^ is pure dimensional, then it is locally a 
complete intersection, too. It follows that if X^ is irreducible, then it 
is reduced. We see also that if X^, is irreducible, then so is X^-i- 

In the second section we show that the numerical condition coming 
from an embedded resolution of singularities of X is equivalent with X 
having canonical singularities. The third section uses motivic integra- 
tion as we described. 

In the last section we discuss several examples and open questions. 
We consider first the small dimension case. If X is a singular curve, 
then Xjn is reducible for all m. If X is a surface (and charfc = 0), we 
show that being locally a complete intersection is a necessary condition 
for the irreducibihty of jet schemes. More precisely, if X is a surface, 
then Xm is irreducible for all m if and only if all the singular points of 
X are rational double points. 

We give an example of a toric variety of dimension 3 which shows that 
in Theorem p.l| it is not possible to replace locally complete intersection 
with Gorenstein. On the other hand, the example of the cone over the 
Segre embedding of x P", with n > 2, shows that the condition of 
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being locally a complete intersection is not necessary in order to have 
all the jet schemes irreducible. 

Our results in the second and the third section, where we used the 
theory of singularities of pairs and motivic integration, rely on the fact 
that the characteristic of the ground field is zero. We discuss briefly 
a possible analogue of Theorem p.l| in positive characteristic and we 
end with a characteristic free proof of the fact that if X is a locally 
complete intersection toric variety, then Xm is irreducible for all m. 
This is achieved using an inductive description due to Nakajima ||1N ak 



for such varieties in order to describe a desingularization of the "dual" 
toric variety. 

0.1. Acknowledgements. It is a pleasure to thank David Eisenbud 
and Edward Frenkel who got me interested in this problem and helped 
me all along with useful suggestions and comments. Without their con- 
stant encouragement and support, this work would have not been done. 
I am grateful to Joe Harris, Janos Kollar, Monique Lejeune-Jalabert, 
Miles Reid and Matthew Szczesny for their help and suggestions during 
various stages of this project. Thanks are due also to Lawrence Ein 
who pointed out some incomplete arguments in an earlier version of 
this paper. 

1. Jet basics 

The study of singularities via the space of arcs has gotten a lot of 
attention recently. Nash initiated this study in ||Na||. He suggested 



that the study of the images r/m (-^oo) ^ for all m, where rim are 
the canonical projections, should give information about the fibers over 
the singular points in the desingularizations of X. For more on this 
approach, see ||C^] and |[LK]| . For applications of spaces of arcs with 



a different flavour, for example the proof of a geometric analogue of 
Lang's Conjecture, see |[Bu| . 



We start by reviewing the definition and the general properties of jet 
schemes. In the case of locally complete intersection varieties, we give 
an irreducibility criterion for these schemes and show that under the ir- 
reducibility assumption, they well, locally complete intersection 

varieties. 

Let k be an algebraically closed field. If §ch/k is the category 
of schemes of finite type over k, consider for every m > the co- 
variant functor F : §ch/k — ^ §ch/k, given by F(Y) = Y Xspecfc 
Spec k[t\ / {t"^~^^) . This functor has a right adjoint G : §ch/k — > 
§ch/k, given by G{X) = Xm, and Xm is called the scheme of jets of 
order m of X. 
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For an affine scheme Y — Spec A, the adjointness relation says that 
the A- valued points of Xm are in bijection with the A[t]/{t'^~^^)-valued 
points of X. In particular, there are canonical isomorphisms Xq ~ X 
and Xi ~ TX, where TX is the total tangent space of X. 

By adjointness, the canonical embeddings 

Y Xspec k Spec k[t]/{n ^ Y Xspec k Spec A;[t]/(r+^) 

induce canonical morphisms 0^ : Xm — Xm-i, for m > 1. We will 
use the notation tt^ = 0f o . . . o 0^ : Xm — X, but we will supress 
the variety X, whenever this leads to no confusion. 

The space of arcs of X, denoted by Xr^, is the inverse limit of 
{Xm}m>o- This is a scheme over k, in general not of finite type, whose 
^4- valued points are in natural bijection with the A [[t]]- valued points 
of X. 

Proposition 1.1. /// : X — > Y is an Stale morphism, then Xm — 
Ym Xy X, for all m. 

Proof. The assertion follows by adjointness from the fact that / is also 
formally etale. □ 

In particular, the construction of jet schemes is compatible with 
open immersions. Therefore, in order to describe Xm, we may re- 
strict ourselves to the affine case: suppose X C A^, X — Spec(i?) 
and R — . . . , t/Af]/(/i, . . . For every ^4, an element in 

Hom(Spec X) is given by a morphism Q : A;[C/i, . . . , C/jv] — 

A\t\l{t'^^^) such that = for all a. The condition ^(/«) = is 

equivalent with the vanishing of each of the coefficients of t in 0{fa), for 
< i < m and gives m + 1 equations. Therefore the map 6 — > i^i''^), 
where 6{Ui) = X^JIq ^i'^'t'^ ^ induces a closed immersion Xm ^ A^"^'^^^^ , 
such that Xm can be defined by (m + l)r equations. 

When char A; > m, by normalizing the variables, the equations defin- 
ing Xm can be written as fofiows. Let Sm = k[uj:^^; 1 < i < N,0 < 
j < m] be the coordinate ring of A^^+i)^ and D : Sm — ^ ^m+i the 
unique derivation over k such that D{U-''^) = U-''^'^^ for all i and j. If 
we embed Xm in A(™+i)^ by ^ — > (j'^?^), then the ideal of Xm is 
generated by fa \ for all a and all j, < j < m, where f^^^ = D^{f). 

We will need later the following lemma. 

Lemma 1.2. For every scheme X and every u e Xm, either (j)^j^^{u) ~ 
$, or ~ 0r^(^); tJuhere x = nmiu). 

Proof. If we look at ^4- valued points, then Hom(Spec74, is 
a pseudotorsor over Hom(Spec^, T^-X). Indeed, suppose that v : 
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Ox,. A[t]/{t-^+% v{y) = E i<m+i corresponds to an A- 

valued point of ^"^^(rt). Any other such morphism is of the form 

v'{y) = v(y) + w{y)t'^~^^, where vq + wt is an A-valued point of T^X. 

If 7^ 0, then for a fixed closed point in (f)^^_^_^{u) , we get 

induced A- valued points in (p^_^^{u), and therefore an isomorphism 

It is well-known that if X is a smooth, connected variety of dimen- 
sion n, then for every m, the morphism tt^ is an affine bundle with 
fiber A"*". Under these circumstances, X^^ is smooth, connected, of 
dimension (m -|- l)n. 

We define now a morphism : x Xm — Xm by defining it on 
A-valued points. If (a, /) corresponds to an A-valued point of A^ x Xm, 
where a e A and / : Spec A[t]/{t"^~^^) — > X, then ^'j„(a,/) is given 
by the composition 

Spec A[t]/{t"'+^) Spec A[t]/{t"'+^) X, 

where ga corresponds to the morphism of A-algebras which maps t to 
at. 

It is clear that these morphisms are compatible with the projections 
(f)m : X^ — > Xjn^i and that the restriction to k* x X^ defines an 
action of k* on Xm. Notice that there is a canonical section of the 
projection tt^. This is the morphism Sm '■ X — Xm-, which takes an 
74-valued point of X, / : Spec A — > X to the composition / o p^, 
where Pm corresponds to the inclusion A ^ A\t]/ {f^^^). It follows 
from the definition that (j)m.^i o s^+i = Sm and *m|{o}xx„ = Sm o tt^- 

We want to study the irreducible components of Xm- The following 
lemma allows us to relate the irreducible components of X^ and Xm+i- 

Lemma 1.3. If Z G X is a closed subscheme and S is an irreducible 
component of t:^{Z), then Sm{'^m{S)) C S. In particular, 0^+i(>S') 7^ 
0. 

Proof. It is enough to notice that since S is an irreducible component 
of 7r~^(Z), we have \I'm(A^ x S) Q S and therefore SmiT^miSj) C S*. □ 

From now on, we will restrict ourselves to the case when X is locally 
a complete intersection (l.c.i. for short) variety. As usual, a variety is 
an integral scheme of finite type over k. We denote the smooth part of 
X by Xj-eg and its complement by Xging. 

Proposition 1.4. Let X be an l.c.i. variety of dimension n and m 
a positive integer. The scheme X^ is pure dimensional if and only if 
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dim Xm < n{m + 1), and in this case Xm is locally complete intersec- 
tion, too. Similarly, Xm is irreducible if and only if dim 7r~^(Xsing) < 
n{m + 1). 

Proof. We have a decomposition 



and in general 7r~^(Xreg) is an irreducible component of X^. of dimen- 
sion n(m + l). Therefore the "only if" part of both assertions is obvious 
and holds without the l.c.i. hypothesis. 

Suppose now that dim Xm < n{m + 1). Working locally, we may 
assume that X C and that X is defined by — equations. We 
have seen that Xm C A^^"^'^^^ is defined by (A^ ~ n)(m + 1) equations, 
and therefore every irreducible component of Xm has dimension at 
least n(m + 1). We deduce that Xm is pure dimensional and locally a 
complete intersection. 

If dim 7r~^(Xsing) < n{m + 1), this implies that dim Xm < n{m + 1), 
so that Xm is pure dimensional. The above decomposition of Xm shows 
that Xm is irreducible. □ 

Proposition 1.5. If X is an l.c.i. variety and Xm is irreducible for 
some m > 1, then Xm is also reduced. 



Proof. By Proposition |1.4| , Xm is l.c.i., hence Cohen-Macaulay. Since 
7r^^(Xi.eg) is smooth, Xm is generically reduced, and we conclude by 
Macaulay's theorem (see pi. Corollary 18.14). □ 



Proposition 1.6. If X is an l.c.i. variety of dimension n and Z (1 X 
is a closed subscheme, then dim (7r~^;^(Z)) > dim ('7r^-^(Z)) + n, for 
every m >1. In particular, if Xm+i is irreducible or pure dimensional, 
then so is Xm- 

Proof. Again, we may assume that X C A''^ is defined by A^ — equa- 
tions. It follows from the equations of Xm+i that we have 7r~!,_^(Z) ^ 
Ti^{Z) X A^, such that Tr^\i{Z) is defined by A^ — n equations. The 
first assertion follows from this once we notice that by Lemma |T]^, for 
every irreducible component S of 7r^^(Z), we have ^"^^(S') ^ 0. The 
last statement is a consequence of Proposition IT^. □ 



Proposition 1.7. If X is an l.c.i. variety and Xm is irreducible for 
some m > 1, then X is normal. 

Proof. Since X is in particular Cohen-Macaulay, by Serre's Criterion 
(see [^, Theorem 11.5) it is enough to show that codim(Xsing, X) > 2. 
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If Xjji is irreducible, by Proposition |1.6| , we may assume that m = 
1. But if codim(Xsing, = 1, since for every x G Xging we have 
dimTTi^^x) = dim T^X > dim X + 1, it follows that dim7r]~^(Xsing) > 



2 dim X, contradicting Proposition 1.4. □ 



2. A Criterion for L.C.I. Varieties to Have Canonical 

Singularities 

In this section we establish the criterion we will use to check that an 
l.c.i. variety X has canonical singularities. We embed X in a smooth 
variety Y and our criterion is in terms of the data coming from an 
embedded resolution of singularities of X CY. 

We assume that the characteristic of the ground field is zero. For the 
definitions of singularities of pairs, we refer to |Kol| or to | |KlVi|| , Chapter 



2.3. Let X be a normal l.c.i. variety and we fix an arbitrary embedding 
X "—>■ Y, where F is a smooth variety. Let r be the codimension of X 
in Y. 

Consider the blowing-up p : B = BlxY — > Y oiY along X, and let 
F = p~^{X) be the exceptional divisor. Since X is locally a complete 
intersection, F is a projective bundle over X. In particular, F is an 
integral divisor on B, and is locally a complete intersection. Moreover, 
F is normal since X is, and therefore B is normal, too. 

By Hironaka's embedded resolution of singularities (see ||Hii ]), there 



is a morphism p : Y — > B which is proper, an isomorphism over the 
complement of a proper closed subset of F, and such that Y is smooth 
and p~^{F) is a divisor with normal crossings. 

Let 7 be the composition pop. We can write 7~-'^(X) = p'^{F) = 
El + Yll=2 ^i-^ii where E2, . . . ,Et are the exceptional divisors of p, and 
El is the proper transform of F. 

The discrepancy of 7 is defined by the formula Ky = 7~^(-ft'y) + 
W. We write W = Yh=i hEi. The following is our criterion for X to 
have canonical singularities. 

Theorem 2.1. With the above notation, X has canonical singularities 
if and only if hi > rai for every i>2. 

Proof. Notice first that we have Kb = p^^^Ky) + (r — Indeed, 
in order to compute the coefficient of F, we may restrict to an open 
subset whose intersection with X is nonempty and smooth, in which 
case the formula is well-knowm 

Consider the divisor R on F, defined by Ky = p~^{Kb + F) + R. 
We can write R = —Ei + X]!=2 ^i-Ej. But we have 

R = -f-^Ky) + W - p~\p-\Ky)) - p-\rF) = W - p~\rF). 
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Therefore we have 61 = r — 1 and Ci = bi — rai, for alH > 2. It folfows 
from the definitfon and from ||Kol|| , Corollary 3.12, that the pair {B, F) 



is canonical if and only if q > for alH > 2. 

Since B is locally a complete intersection, hence Gorenstein, a result 
of Stevens (see also |[Ko|| , Theorem 7.9) says that F is canonical if 
and only if the pair {B, F) is canonical near F. Since B\F is smooth, 
this means precisely that {B, F) is canonical. 

On the other hand, since F is locally a product of X and an affine 
space, it follows that X is canonical if and only if F is canonical, which 
completes the proof of the theorem. □ 

Remark 2.2. Since X is locally a complete intersection, in particular 
Gorenstein, it is a result of Elkik |Q and Flenner |F| (see also |[KM| 



Corollary 5.24) that X has canonical singularities if and only if it has 
rational singularities. 

We give also a necessary condition for X to have log canonical sin- 
gularities and show that the sufficiency would follow from the Inverse 
of Adjunction Conjecture ( ||Kol|| , Conjecture 7.3). 

Theorem 2.3. With the above notation, if bi > rai — 1 for every i, 
then X has log canonical singularities. 

Proof. As in the proof of Theorem we have X log canonical if and 
only if F is log canonical and on the other hand 6j > roi — 1 for all i 
if and only if the pair (S, F) is log canonical. 

It follows from Proposition 7.3.2 in ||Ko| that if (S, F) is log canon- 



ical, then F is log canonical. □ 
We conjecture that the converse is also true. 

Conjecture 2.4. If X has log canonical singularities, then 6j > raj — 1, 
for all i. 

The argument in the proof of Theorem |2.3| shows that Conjecture |2.4| 
is implied by the conjecture below. In fact, we will prove in the next 
section that these two conjectures are equivalent. 

Conjecture 2.5 (Inverse of Adjunction). Let X be a normal. I.e. i. va- 
riety and D a normal Cartier divisor on X. If D is log canonical, then 
(X, D) is log canonical around D. 

Remark 2.6. In fact, the Inverse of Adjunction Conjecture is more 
general: it deals with arbitrary normal varieties and with restriction of 
pairs (see ||Kol|| , Conjecture 7.3). It is known that it is implied by the 



Log Minimal Model Program (see |[K-|-|| , Corollary 17.12). In particular 



Conjecture |2.4] is true when dim F = 3. 
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3. Irreducibility of Jet Schemes via Motivic Integration 

In this section we use motivic integration to give necessary and suffi- 
cient conditions for a variety to have all the jet schemes of the expected 
dimension and precisely one component of maximal dimension. When 
the variety is locally a complete intersection, this gives via the results 
in the previous two sections a proof of Theorem p.l| . 

The construction of motivic integrals for smooth spaces is due to 
Kontsevich |Kon|, who used it to prove a conjecture of Batyrev and 



Dais ||BaDa| | about the stringy Hodge numbers of varieties with mild 



Gorenstein singularities (see [|Bal|| ). An other application is the proof 
due to Batyrev |]Bam of a conjecture of Reid on the McKay corre- 
spondence (see |[Rc|| ) . The construction was generalized by Denef and 



Loeser in ||DL1|] and ||DL2|| to singular spaces (see the recent surveys 



DL3|| and |P!jo|| for other applications of this idea). We will need only 



the Hodge realizations of motivic integrals on the space of arcs of a 



smooth variety. We refer for definitions and proofs to |Pal|| (see also 



Cr| for a nice introduction). 

From now on, X will be a fixed variety over k, with char A; = 0. 
Unless explicitely mentioned, X is not assumed to be locally complete 
intersection. We fix an embedding X Y, where F is a smooth 
variety, and an embedded resolution of singularities 7 : Y — > Y for 
(y,X), as in the previous section. 

More precisely, we assume that 7 is a proper morphism which is an 
isomorphism over Y\X, and Y is smooth and 7~^(X) = X]i=i ^i-^i ^ 
divisor with normal crossings. Let W = Yll=i ^i^i be the discrepancy 
of 7. We set = dim Y and r = codim(X, F) > 1. We can further 
assume that Ei is the only prime divisor in 7~^(X) dominating X and 
that ai = 1 and hi = r — 1 . With this notation, we prove the following 
results. 



Theorem 3.1. The following statements are equivalent: 

i) For every i > 1, we have hi > rai — 1. 

a) dim Xm = (m + 1) dim X , for every m > 1. 

Hi) There is q > 1, with ai\{q + 1), for all i, such that dim Xg 

(g + l)dim X. 



Theorem 3.2. The following statements are equivalent: 
i) For every i > 2, we have hi > rai. 

a) For every m > 1, we have dim Xm = (m + 1) dim X , and Xm has 
only one irreducible component of maximal dimension. 
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Hi) There is q > 1, with ai\{q + 1), for all i, such that dim Xg = 
(g + 1) dim X , and such that Xq has only one irreducible component of 
maximal dimension. 



By combining Theorems 12?^ and and Theorems and RTTl we 



obtain the main results in our paper. 

Theorem 3.3. If X is an l.c.i. variety over k, and charfc = 0, then 
Xm is irreducible for every m if and only if X has canonical singular- 
ities. 

Proof. Notice that by Proposition |1.7| and by the definition of canon- 
ical singularities, either condition implies that X is normal, so that 
Theorem applies. Moreover, by Proposition |1.4] , if dim X^ = 
(m + 1) dim X, then is pure dimensional, so that an application of 



Theorems |2.1| and |3.2| completes the proof. □ 

Note that because of Remark |2.2| , the above result is equivalent with 
Theorem p.l| . 

Theorem 3.4. If X is a normal, l.c.i. variety over k and char A; = 
0, and if Xm is pure dimensional for every m > 1, then X has log 
canonical singularities. 

Proof. Again, Proposition |1.4| shows that X^ is pure dimensional if 



and only if dim X^. = (m + 1) dim X and we apply Theorems lO 



and O. □ 



Conjecture 3.5. If X is an l.c.i. variety over a field of characteristic 
zero and X has log canonical singularities, then X^, is pure dimensional 
for every m. 

In fact, the above conjecture is equivalent with the conjectures we 
made in the previous section. 



Proposition 3.6. Conjectures \2.^ and are equivalent 



Proof. Theorem |3.3| implies that Conjectures p.4| and are equivalent, 
and we have seen in the previous section that Conjecture ^]5| implies 
Conjecture It is therefore enough to prove that if Conjecture |3]^ 
is true for all normal, l.c.i. varieties, then so is Conjecture |2.5| . 

Using a trick due to Manivel (see |[Ko| , Lemma 7.1.3), the assertion 



in Conjecture |2.5| can be reduced to the following: if X is a normal, 
l.c.i. variety and Z) is a normal, Cartier divisor on X which is log 
canonical, then X is log canonical around D. 



Applying Conjecture |3.5|to D, we get dim = (m + l)(dim X — 1), 



for all m. We may assume that D --^ X is defined by one equation, 
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SO that Dm ^ Xm is defined by m + 1 equations. Therefore, if F is 
an irreducible component of X^, with dim F > (m + 1) dim X, then 



Fn Dm = 0- Since by Lemma [L^ we have Smi'^^miF)) C F, we deduce 
that 7rm{F)r\D = 0. We conclude that there is an open neighbourhood 
U of D such that dim Um = (m + 1) dim U. By Theorem |3.1| , it is 
possible to pick m (depending on an embedded resolution of X) such 
that if dim Um = (m+1) dim X, then U is log-canonical, which finishes 
the proof of the proposition. □ 



By Lefschetz's principle, in order to prove Theorems p.l| and |3.2| , 
we may assume k = C Before we give the proof of the theorems, we 
review the basics of motivic integration. For every m > 0, we have 
natural projections 

where vr^ is an affine bundle with fiber A™^. 

The theory provides an algebra M of subsets of 1^00, containing the 
algebra Qyl of cylinders of the form rj^{Z), where Z C Ym is a. con- 
structible subset. We consider the ring of Laurent power series in two 
variables and v^^: S = Z,[[u^^ ,v^^]][u,v], with the linear topol- 
ogy given by the descending sequence of subgroups {(Bi+j>iIjU~^v~^i. 
On M there is a finitely additive measure fi with values in S, whose 
restriction to Gyl is defined as follows. If C = r]:^{Z) is a cylinder, 
then 

= E{Z-u,v){uvY^"'+^^'' e S, 
where E{Z; u, v) is the Hodge-Deligne polynomial of Z. For a variety 
Z, 

E{Z; u,v)= CWv', 

l<p,q<dimZ k>0 

where {h^''^{H^{Z] C))} are the Hodge -Deligne numbers of Z. What is 
important for us is that E{Z; u, v) is a polynomial of degree 2(dim Z), 
and the term of degree 2(dim Z) is c(uf )'^™ ^, where c is the number 
of irreducible components of Z of maximal dimension. 

If T C Yoo is a subset such that there is a sequence of cylinders Cj, 
with T C d and ^{Ci) — > 0, then T is in M and = 0. 

If F : Yoo — > N U {00} is a function such that F~\m) G M for all 
< m < 00 and jj,{F^^{oo)) = 0, and such that the series 

meN 

is convergent in S, then F is called integrable. In this case, the sum of 
the above series is called the motivic integral of F and is denoted by 
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In general, a subscheme Z C Y, with corresponding ideal 3z, defines 
a function Fz : Yao — > N U {oo}, as follows. If w E Y^o is an arc 
over y & Y, then w can be identified with a ring homomorphism w : 

OY,y — > C[[t]] and 

Fz{w) = OTd{w{3z,y)). 
In [IBalll and ||(Jr|| , the authors consider this function when Z is a divisor 



in Y. It follows from the definition that (oo) = Z^o and that 



■'mji 



for any integer m > (we make the convention that Z_i = Y and 
V-i = ^70)- III particular, F^^{m) is a cylinder. 

Lemma 3.7. // -D C Y is a divisor and y & Y is a point such that 
multyD = a, then dim (vr^) (y) < Nm — [m/a], where [x] denotes the 
integral part of x. In particular, for every proper subscheme Z G Y, 
we have dim Z^ — N{m + 1) — > —00. 

Proof. The second assertion follows from the first one, since working 
locally we may assume that Z G D, for some divisor D and if a = 
maXygyjmultj/D}, then dim Zm — N{m + 1) < —[m/a]. 

To prove the first statement, note that the case a = is trivial, and 
therefore we may assume that y G D. It is enough to show that for 
every p > 1 we have 

(3.1) dim(7rp^J-i(y)<paiV-p. 

If we pick a regular system of parameters xi . . . , xa? in OY,y, we get 
an etale ring homomorphism w : Oa^,o — ^ ^Y,y Let / G OY,y be 
an equation for D at y. In general / ^ lm{w). However, if (7 G Oy^y 
is such that g — f E W^y^^ then i'TCpg)^^{y) = {TTpa^^)~^{y). Since w 
induces an isomorphism of the associated graded rings, we can find g 
as before such that g G lm{w). Therefore, in order to prove (|3.1|), we 
may assume that / G lm{w). Since w is etale, by replacing and 
Y with suitable open neighbourhoods of and y, respectively, we can 
apply Lemma |TTl| to reduce to the case when Y = A^, y = and D is 
defined by a polynomial / G k[X] = k[Xi, . . . , X^]. 

We use the equations for Dpa described in the first section. With the 
notation f^^^ = f'^^\0,X', . . . ,X^j^) for every j, we have (vr^J"HO) ^ 
Zp, where Zp is defined in Spec k[X',... by the polynomials 

/o^^'"\ with 1 < J < p. 

We prove that dim Zp < paN — p by computing the dimension of a 
deformation of this set. Note that if we put deg(X.''-'^) = j for every i 
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and j, then each polynomial f^^ G k[X', . . . , X'-^"-'] is homogeneous of 
degree j. 

Consider the family Zp over Spec k[t] defined in A^"^ x Spec k[t] by 
the polynomials {l/t'')f^^\tX', . . . ,tX^^^), with 1 < j < p. The fiber 
of Zp over every to 7^ is isomorphic to Zp, while the fiber over is the 
corresponding scheme obtained by replacing / with its homogeneous 
component of degree a. Since all the rings are graded (for the grading 
we defined above), the semicontinuity theorem for the dimension of the 



fibers of a morphism (see |E|], Theorem 14.8) shows that in order to 
prove that dim Zp < paN — p, we may assume that / is homogeneous 
of degree a. 

Consider now on k[X,X',... the reverse lexicographic order 

where we order the variables such that X^^^ < X^, ■* if j > j' or if j = j' 
and i > i' (see, for example, Chapter 15). Let m{X) = in(/) be 
the initial term of / is this order. It is then easy to see that in(/(S^'''^) = 

(X(J)), for 1 < j < p. Therefore the initial ideal of the ideal defining 
Zp has dimension paN—p. Since the dimension of an ideal is equal with 
the dimension of its initial ideal, we deduce that dim Zp = paN — p, 
which concludes the proof of the lemma. □ 

Corollary 3.8. For every proper subscheme Z G Y , and every < 
m < oo, F^^{m) G M and ;u(F^^(oo)) = 0. 

Proof. We have already seen that F^^{m) is a cylinder for every integer 
m > 0. Moreover, F'^^{oo) = Z^ C r]^^{Zm) and Lemma |3.7| gives 

fi{v-\Zm)) = E{Z^-u,v){uv)-''^^^'^ 0. 

□ 



In order to prove Theorems p.l| and |3.2| , we will choose a suitable 
function / : N — > N (which we extend by /(oo) = oo) and we will 



integrate F = foFx on Foo- The change of variable formula (see Pal 
Theorem 6.27 or ||DL1|| , Lemma 3.3) gives 



in the sense that one integral exists if and only if the other one does, 
and in this case they are equal. The point is that F o = / o F^-i(^x)y 
and since 7~^(X)UVr has normal crossings, the right-hand side integral 
can be explicitely computed, while for a suitable choice of /, the left- 
hand side contains the information we need about the dimension of 
Xm and about the number of its irreducible components of maximal 
dimension. 
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S'2 = ^ E{Xm;u,v){uv) 



Proof of Theorems \3.1\ and I^^J. We fix a function / : N — > N, sucli 
tliat for every m > 0, 

W f{m + 1) > /(m) + dim + C{m + 1), 

where C G N is a constant with C > \N — [bj + l)/aj\, for all j. We 
extend it by defining f{oo) = oo. For the proof of the implication 
Hi) =^ i) we will put later an extra condition. 

It follows from Corollary |]8|that if F = / o Fx, then F"^(m) e M 
for < m < oo, and yu(F^^(oo)) = 0. Computing the integral of F 
from the definition, we get I = = 81 — 82, where 

m>0 

-^{m+l)N-f(m) 
m>0 

Every monomial which appears in the m*^ term of 5*1, has degree 
bounded above by 2Pi{m) and below by 2P2{m), where 

Pi{m) = dim X^-i — rnN — f{m), 

P2{m) = —rriN — f{m), 
for all m > (recall the convention that X_i = Y). Moreover, we al- 
ways have precisely one monomial of degree 2Pi(m), namely {uv)^^^"^\ 
whose coefficient is c^, the number of irreducible components of max- 
imal dimension of X^-i- 

Similarly, every monomial which appears in the m^^ term of 5*2 has 
degree bounded above by 2Qi(m) and below by 2Q2{m), where 

Qi{m) = dim - (m + 1)N - f[m), 

Q^[m) = -{m + l)N - f{m), 

for all m > 0. We always have exactly one monomial of degree 2Qi{m), 
namely {uv)^^^"^\ whose coefficient is Cm+i- 

A first consequence of this and Lemma 3]7 is that F is, indeed, 
integrable. Using condition {-k), it is an easy computation to show that 
we have Pi(m + 1) < min{P2(^), Q2{fn)}, for every m > 0. 

Moreover, Lemma gives dim Xm < dim Xm-i + N, for every 
m > 1, and Lemma |3.7| implies that the inequality is strict for infinitely 
many m. We deduce that Qi{m) < Pi{m), for every m > and 
equality holds if and only if m > 1 and dim X^ = dim X^-i + N 
(therefore, the inequality is strict for infinitely many m). 

We conclude from the above inequalities first that in 5*1, the term 
[uv]^^'^'^^ appears precisely once for every m > 0, and has coefficient c^- 
Similarly, in 5*2, the term [uv]^^^'^^ appears at most once. It appears 
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if and only if m > 1 and dim Xm = dim Xm-i + N, and in this case it 
has coefficient Cm+i- 

We use the change of variable formula to compute the integral of F, 

as 

1= [ e-^ = [ e-'^^°^'<-Mx)+Fw) _ 

In this form, / can be explicitely computed, since 7~^(X) U W has 
normal crossings. For every subset J C {1, . . . let E°j = Hi^jEi \ 
Ui^jEi. With this notation, we have 

/ e-(/°^^-i(x)+^w) _ ^Yiere 

°° JC{l,...t} 

Sj= J2 E{E°j-u,v){uv-iy^^ ■{uvr^-^^^J''^^''^+^^-^^^^^j''^''^\ 
We just sketch the proof of this formula, as it is similar to that of 



Theorem 6.28 in [Pa If , or that of Theorem 1.16 in ||Ci |. 

Since E is additive, we may work locally on Y. In order to compute 
the part Sj in I which corresponds to arcs over Ej, we may assume 
that there is a regular system of parameters yi, ■ ■ ■ ,yN onY, such that 
Ei is defined by y^, for all i ^ J. We have 

ai>l,i£j 

For every (ai)iej, if p > maxjej{ai}, then 

where C^ ^^j 1^ is locally trivial over E°j, with fiber (A;*)'"'' x 
A^P-Eiej"', and our formula for Sj follows. 

Every monomial in the term of Sj corresponding to {ai)i^j, has 
degree bounded above by 2i?i(aj; i & J), and below by 2/^2 i & J), 
where 

Riiai;i E J) = -^0^(6^ + 1) - /(^aifti) 

and R2{ai]i E J) = R\{ai]i E J) — N . Note that if J = 0, then 
i?i(0) = -/(O). 

We introduce one more piece of notation: for m > 0, let r(m) = 
dim Xm — (m + 1) dim X. For every m > 0, we have > 0. We see 
that for J 7^ 0, we have 

Ri{ai,i E J) = PiC^aiai) - r^^aiai - 1) - + 1 - ra^). 

iSJ iSJ iaJ 
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Moreover, property (^) implies that if J 7^ 0, then 

(3.2) + 1) < -R2(«i; i e J) < Riiaf, i e J) < 



min{P2(y^ a-iai - 1), Q2(^ ajfti - 1)} 



and that -Pi(l) < -^2(0)- In particular, this implies that the only mono- 
mial of the form (uv)^^^"^"^ which can appear in the term corresponding 
to J and (aj)jej is for m = ^jgjOjaj- 



To prove the implication i) =^ ii) in Theorem p.3| , suppose that 
bi > rai — 1, for all i and assume that for some m > 1, we have 
r(m) > 0. The above inequalities show that (uv)^'^^"^^^^ does not 
appear in the sum Sj, for every J. 

As we have seen, this imples that dim X^+i = dim + N. In 
particular, we have r(m + 1) > 0. Continuing in this way, we get 
dim Xp^i = dim Xp + A^, for every p > m, a contradiction with 
Lemma Therefore we must have r(m) = 0, for all m, so dim Xm = 
{m + 1) dim X. 

Suppose next that hi > rai, for all i > 2. The above argument 
shows that r(m) = 0, for every m > 0. In particular, the coefficient of 

for every m > 0. From the above inequalities, 
we see that for every m > 0, the term (uv)^'^^'^'^^^ appears in Sj if 
and only if J = {1} and in this case it has coefficient 1, since is 
irreducible. Therefore c^+i = 1, for every m > 0. This proves the 
implication i) =^ ii) in Theorems and p.2| . 

We next turn to the implication Hi) =^ i). Suppose that for some 
g > 1, with ai\{q + 1), for all i, we have r(g) = 0, and that for some 
j < t, bj < raj — 1. 

We pick the function / such that in addition to {-k) it satisfies the 
following requirement. For every p, consider the set 3p of all the pairs 
(J, (aj)jgj), such that X]jej'^«'^« ~ P- '^^^^ clearly a finite set. We 
require that for every (J, {ai)i<^j) G dq+i and every (J', (a-)jgj') G 3p, 
for some p with p < q, we have 

(3.3) fiq + 1) > fip) - + 1) + E "^(^^ + 1) + ^> 

or equivalently, we have Ri{ai; i E J) < R2{oi[]i E J'). 

On the other hand, if (J', (a-).jgj/) G 3p, for some p > q + 2, then by 
(|3.2| ) we have 



(3.4) P2{q + 1)> Ri{a'f,ie f). 
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Note that the top degree monomials which appear in different terms 
of the sums Sj (for possibly different J) don't cancel each other, be- 
cause they have positive coefficients. Let d be the highest degree of a 
monomial which appears in a term corresponding to some (J, (aj)jgj) G 
dq+i- By the previous remark, the corresponding monomial does not 
cancel with a monomial in a term corresponding to (J', (a^Jjgj/) G dq+i- 

Since ({j}, {q + 1)/%) G dq+i, our hypothesis implies that 2Pi(g + 
1) < d, while from ( p.2| ) we deduce d < 2 mm{P2{q), Q2{q)}- Moreover, 
we deduce from ( ^.31 ) and ( |3.4| ) that the monomial of degree d does not 
cancel with monomials in terms corresponding to (J', (a^ieJ') ^ if 
p 7^ g + 1. This shows that in / there is indeed a monomial of degree 
d, where 2Pi(g+ 1) < c? < 2 min{P2('?)5 Q2 (<?)}, a contradiction. 

Suppose next that for some q > I, with aj|(g + 1), for all i, we have 
r(g) = and c^+i = 1, and that for some j > 2, bj < raj. The above 
argument shows that bi > roj — 1, for every i. Note that since aj\{q+l), 
we have in the expression of / the monomial (uv)^'^^'^~^^\ with coefficient 
at least 2, once from S{i} (with ai = q + 1) , and once from S{j} (with 
Q^j = (9 + This gives a contradiction. □ 

4. Examples and Open Problems 

In this section, unless explicitely mentioned otherwise, k has arbi- 
trary characteristic. 

We consider first the case of curves and show that none of the higher 
jet schemes of a singular curve can be irreducible. Since we do not 
assume X to be locally complete intersection, we need first a lemma 
showing that if the tangent space at a point to a scheme is too big, then 
so are all the fibers over that point of the higher order jet schemes. 

Lemma 4.1. IfX is a scheme andx G X , then dim vr^^(^) — dim^jXH- 
mdim T^X and dim vr^m+i(a^) > (m + 1) dimT^.^, for all m > 1. 

Proof. We prove the first assertion. Let / : TT2m-iix) — ^ ^m^i(^) 
be the canonical projection. Using Lemma |L2| , it is enough to show 
that there is an isomorphism T^X®™ ~ /^^(O), which maps CxX x 
T,.X®(™-^) C T.X®'" into /"^(O) n Im(02m). Here denotes the image 
of X by the canonical section of TCm-i and CxX is the tangent cone to 
X at X. 

We give the isomorphism at the level of A-valued points. An A-point 
of /~^(0) is given by an algebra homomorphism 6 : Ox,x — ^ ^M/ (i^™) 
of the form 9{y) = 6o{y) + J2i=m where 9o corresponds to x. 

The condition that 6 is an algebra homomorphism is equivalent with 
saying that for every i, with m < i < 2m— 1, the morphisms 6'^ mapping 
y to 6*0(2/) + ^i{y)t are A-valued points of T^X. 
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If ^ is a /c- valued point of / ^(0), then 9 G Im(02m) if and only if 
the morphism S'^{m^/ml) — > k, given by yi ■ 1/2 — > 0m{yi)0m{y2) 
factors through m'^/m^. This condition is satisfied in particular if 6'^ 
is a fc- valued point of C^X. 

The proof of the second assertion is similar, giving for the projection 
g : 7^2m+ii^) — ^ ^m^(^)' isomorphisui ^'^"'^(O) ~ Tj,X®*^™+^). □ 

Corollary 4.2. If X is an integral curve, then for any m > 1, Xm is 

irreducible if and only if X is nonsingular. 

Proof. Indeed, if x G X is a singular point, then dim T^X > 2, and by 
Lemma [4.1| , it follows that for every m > 1, dim7r~^(x) > m + 1, and 
therefore vr~^(x) gives an irreducible component of X^- □ 

Remark 4.3. If char /c 7^ 2, it is possible to show that an integral 
curve X has all the jet schemes pure dimensional if and only if it has 
at worst nodes as singularities. 

We consider next the case of a surface. In this case, if all the jet 
schemes of X are irreducible, we show that X has to be locally complete 
intersection, so we can apply our previous theory. 

Theorem 4.4. Assume that char A; = and let X be a surface. Then 
the following are equivalent: 

i) X has at worst rational double points as singularities. 

ii) Xm is irreducible for every m > 1. 
Hi) Xm is irreducible for m ^ 0. 

Proof. One of the characterizations of rational double points is that 
they are locally complete intersection rational singularities (see |pu|| ). 



Therefore "z) ^ ii)" follows from Theorem |3.3| and the fact that Goren- 
stein singularities are rational if and only if they are canonical (see 



Remark p.2| ). In order to prove Hi) =^ i), it is enough to show that if 
Xm is irreducible for some m, then X is locally complete intersection, 
and then use Proposition and Theorem But for every x G X, 



Lemma |4.1| implies that if dimT^X > 4, then dim7r^^(x) > 2m + 2, 
and therefore X^ is not irreducible. We conclude that dimT^X = 3 
at every singular point x G X, in particular that X is locally complete 
intersection. □ 



Remark 4.5. It is possible to prove Theorem [4.4| directly, by showing 
that condition ii) is equivalent to X having the singular points of one 
of the types in the classification of the rational double points. In fact, 
that proof shows more, namely that the above conditions are equivalent 
with having only X5 irreducible. 
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Example 4.6. Theorem p.3| is not true if we replace the condition of 
X being locally a complete intersection variety, with being Gorenstein. 
More precisely, it is possible to have a variety with Gorenstein canon- 
ical singularities, but such that all its jet schemes are not even pure 
dimensional. 

In fact, it is possible to take X to be a toric variety of dimension 3 
(for definitions, basic facts and notations for toric varieties, see \^'v\\ ) . 
If V is a Q- vector space with basis e^, 1 < i < 3, let iV C \^ be the 
lattice spanned by {ei, 62, 63, l/3(ei + 62 + 63)}. If a is the cone in V 
spanned by {ei}i, let X = 11^ he the associated toric variety. Then 
X is Gorenstein, since e* G A^^ (see |Fu|, Sections 3.4 and 4.4). 



By [^1, Section 3.5, it has rational, hence canonical singularities (see 



Remark pl2D . Moreover, {J^i^i^i I ^ ^5 — 3} induce linearly 
independent elements in T^j-X, where x G X is the fixed point under 
the torus action. Therefore, dimT^X > 10, and by Lemma 41 we get 
for every m > 1, dim7r~^(a;) > 5m + 3, and since dim X = 3, Xm is 
not pure dimensional. 



Example 4.7. On the other hand, the condition that X is locally a 
complete intersection is not necessary in order to have X^ irreducible 
for every m. 

Let X C A^" be the cone over the Segre embedding x P"-i <^ 
P^"~^. It is defined by the ideal generated by the 2x2 minors of the 
generic matrix: 

fU, U2 ... U„\ 

in the ring S = k[Ui . . . , [/„, Vi, . . . ,Vn]. Notice that if n > 3, then X 
is not a complete intersection, but X^ is irreducible for every m > 1. 

Indeed, since X is defined by degree two homogeneous polynomials, 
it is easy to see that 7r^-'^(0) = Xm-2 x A^", for all m > 1 (we take 
X_i to be a point). By induction on m, we get vr~^(0) irreducible, and 
because Xging = {0}, it is enough to find a nonempty subset U C vr~^(0) 
such that U C vr,^^ (-^reg) • We consider the open subset of vr"^ (0) given 
by matrices 

^ _ / «! 02 ... a„ \ 
~ \bi 62 • • • bn) 

with Oi, bi G k[t]/{t"'+^) of order one, such that a^bj = ajbi, for all i 
and j. There is a unique p = Po + Pit + . . . + Pm-2t"^~'^, Po 7^ 0, such 
that for all i, bi = pai + Cit"^, for some q G k. 
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By restricting to a smaller open subset, we may assume that q 7^ 0, 
for all i. In this case A G {Ag \ s G k*}, where Ag G 7r„^(Xreg) is given 

by 



A 



s 



ai + cis ... a„ + CnS 
Psiai + cis) ... Ps(an + Cns; 



where ps = p + l/s ■ t™. 



Question 4.8. What is the analogue of Theorem |3.3| in positive char- 
acteristic ? Is it true that if X is an l.c.i. variety, then Xm is irreducible 
for all m if and only if X has pseudorational singularities ? The notion 
of pseudorational singularities, introduced by Lipman and Teissier in 
[LT|| , replaces the notion of rational singularities when a good desingu- 



larization theory and Grauert-Riemenschneider theorem are not known. 
When these results are known (for example, in characteristic zero or 
for surfaces), the two notions coincide. 

A different analogue of rational singularities in positive characteris- 
tic, coming from tight closure theory, is that of F-rational singularities 
[Sml| ], for definition and relations with the birational geometry). 



see 



A result of Smith (see | Sm2|| , Theorem 3.1) says that F-rational singu- 



larities are pseudorational. In general, having F-rational singularities 
is not a necessary condition for having irreducible jet schemes. For 
example, it follows from Proposition ^]9| below, that V"(X^ + + Z^) 
has irreducible jet schemes in any characteristic, while it is known that 
it is not F-rational if charfc G {2,3,5} (see |pil]| . Example 10.3.12). 

Proposition 4.9. For n > 3, let F = X^^ + . . . + Xf^" and Z = 
V{F) C A", such that there is at most one i, with char k\di. We have 
Zra irreducible for all m > 1 if and only if Yl'i=i ^/di > 1- 

Proof. The hypothesis says that Z \ {0} is smooth; in particular, Z is 
integral. By Proposition |1.4| , Z^ is irreducible for all m > 1 if and only 
if dim vr~^(0) < (m + l)(n — 1) for all m, and by Proposition pTBI , it is 
enough to check this for infinitely many m. 

For every m > 1 and integers ai, . . . ,0^, with 1 < a.j < m + 1 
for all i, let Kii,...,a„ be the locally closed subset of vr~^(0) consisting 
of ring homomorphisms : k[Xi, . . . ,Xn]/{F) — > k[t]/{t'^~^^) with 
ord(0(Xj)) = ai (we make the convention ord(O) = m + 1). We obvi- 
ously have n-\0) = Uai,...,a„ Ki,...,a„- 

Set d = YYi=id'i and assume that Z^-i is irreducible. If = d/di, 
for every i, then 0(Xj) can be chosen arbitrarily with order Oj, so that 
dim Vai,...,a„ = d{n - J2i ^/di)- Since dim Vai,...,a„ < d{n - 1), we get 
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Next suppose that J2i ^/di > ^ and that d\m + 1. We will show that 
Zm is irreducible. Consider first the case when rfjaj > m + 1, for all i. 
As above, in this case 4>{Xi) can be chosen arbitrarily with order aj. 
Therefore we get 

dimKi,...,a„ = ^(m-Oi+l) < n(m+l)-(m+l) ^ l/c/j < (m+l)(n-l) 

i i 

On the other hand, if r = mii{aidi} < m, and if V^i,...,a„ 7^ 0, then 
by hypothesis there is such that char A; / dj, and a^fij = r. For every 
choice of (t){Xj) with order a^, j 7^ i, we have = t'^^w, where 

the image of u in k\t]/ {t^'^^'^) can take finitely many values. More- 
over, is uniquely determined by the image of u in k\t\/ {f^^^'""^). 
Therefore we have 

dim Ki,...,a„ < 

n 

r-ai+^{ra+l-aj) < (n-l)(m+l)+r(l-^ < (ra-l)(m+l). 

It follows that dim vr~-^(0) < (n — l)(m + l), SO is irreducible. Since 
this is true for all m with d\{m + 1), it follows by Proposition |1.6| that 



Zm is irreducible for all m. □ 
Question 4.10. We have studied when an l.c.i. variety has irreducible 



jet schemes. Proposition |T]5| shows that if is irreducible, then Xm 
is reduced. Is the converse true ? We will see below that this the case 
for m = 1. 

Question 4.11. Is it true that if X is an l.c.i. variety, then for every 
m > 1, (Xm)rcg = '^^{X-ccg) ? A positive answer to this question would 
give a positive answer to Question |4.10| . Indeed, if X^, is reduced, but 



not irreducible, then any irreducible component contained in 7r~^(Xsing; 
has to be generically smooth. 

We can give a positive answer when m = 1. This is the content of 
the following proposition. 

Proposition 4.12. If X is an l.c.i. variety, then {Xi)^^^ = T^i^iX^^g)- 

Proof. We show first that if m G 7r|f^(x), then 

(t) dim TuXi > dim X + dim T^X. 

To see this, we may work locally and assume that X C A" is defined 
by / = (/i, • • • , /r), where r = n - dim X. Xi is defined by (/, /'), 
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and ii u = {x, x') E Xi C A , then the Jacobian J(fj'){u) is 

'Jf{x) 
A Jf{x) 

for some r x n matrix A. Therefore rk J(jj')(m) < r + rk Jj(a;) and (f) 
follows. 

Suppose now that u G (Xi)i.cg. Consider an open connected neigh- 
bourhood U C (Xi)i.og of u. The inequality (f) for an arbitrary point 
u' E U gives 

dim U > dim X + dim 7rf"'^(7ri («')). 



This implies that ni{U) = X, and therefore U flTrf ^(Xj-cg) 7^ 0, hence 
dim U = 2 dim X. The inequality (f) for u gives now dim T^X = 
dim X. □ 

The last case we consider is that of l.c.i. toric varieties. If char k = 0, 
then X has rational singularities by |^], Section 3.5, and it follows by 



Theorem |3.3| (see, also. Remark |2.2[ ) that X^ is irreducible for every m. 
We give below a direct argument independent of characteristic, which 
uses the description due to Nakajima [[Nak|] of l.c.i. toric varieties. This 
description was used by Dais, Haase and Ziegler in |PHZ|| to show that 
all such toric varieties have crepant resolutions. The main point in our 
proof is to exhibit a certain resolution for the "dual" toric variety. 

Theorem 4.13. If X is an l.c.i. toric variety, then X^ is irreducible 
for all m > 1. 



Proof. We use notation and results from ||Fu|| . Since all the semigroups 
we use are saturated, we make no distinction between the semigroup 
and the cone it generates. 

In general, for two varieties X and Y, we have (X x Y)m — Xm x Ym- 
Using this, we reduce immediately to the case when X = [/g- is affine, 
where a is a strongly convex, rational, polyhedral cone of maximal 
dimension in Xr,, for some lattice X of rank n. Let S = flM, where 
M = X^ is the dual lattice. 

For every face r -< a, we have a corresponding orbit Or of dimension 
n — dim r and a distinguished point Xr G Or defined by the semigroup 
morphism Xr : 5" — > k, Xriu) = 1, if m G r-*- and Xriu) = 0, otherwise. 
By Proposition |L^, it is enough to show that if {0} ^ t a, then 

{•k) dim7r~"'^(xT-) < mn + dim r. 

We use the inductive description of S, due to Nakajima, for the case 
when X is locally complete intersection (see Pak |). There are r > 1 



and s > 0, with n = r + s, such that S can be obtained as follows: take 
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5*0 = N'', 5" ~ and for every i, 1 < i < s, there is a; e Si^i \ {0}, 
such that 

Si = Si^i + Ne + n{x - e) C Si^i © Z, 
where e = (0, 1). 

We show by induction on s that if T C is a face of S, then there 
is a nonsingular fan refining S, with rays vi, . . . , Vr+s, wi, . . . ,Ws 
such that: 

i) {vi, . . . , Vr+s} span a cone of A^. 

ii) For every i < s, {wi,Vr+j;j ^ i} span a cone of A^. 

iii) {i < r + s\vi E T} has at least dim T elements. 

The assertion is trivial when s = 0. For 1 < i < s, let Aj_i be the 
refinement corresponding to Si^i and TnS'j_i. Aj consists of the cones 
spanned by {C, e} and {C,x — e}, where C is a cone in Aj_i. Notice 
that dim(Tn5'i_i) > dim(TnS'i) — 1, with equality if and only if e e T 
or X — e & If we take Vr+i to be e or x — e (we pick the one in T, if 
possible), and Wi to be the other one, then this refinement satisfies the 
requirements for S^. 

In order to prove {-k), notice that 7r~^(a;^) consists of semigroup ho- 
momorphisms (j) '■ S — > k[t]/{t"^~^^), such that the composition with 
the projection onto A; is x^. Let T = yS'nr"'" and consider the refinemet 
As constructed above. 

Let ai, . . . , ttr+s be integers such that 1 < a, < m + 1, if Vi ^ T, 
and ai = 0, if Vi G T. Take V^i,...,ar+s be the locally closed subset 
of 7r~^(xT-) consisting of morphisms (p, with oid (j){vi) = Oj. We clearly 
have 7r-\xr) = Uai,. Ki, . • 

Fix i < s. Since A^ is a nonsingular fan, by conditions i) and ii), 
there is a relation 

Wi + Vr+i^ ^2 ^ij'^j- 
j<r+s,j^r+i 

This shows that for G Ki,...,a^+s, the image of in k[t\/ (^t'^+i-^r+i^ 
is uniquely determined by the values of 4> on Vj, j < r + s. Therefore 
we get 

r+s s 

dim Ki,...,a.+. < ^{m-ai + 1) - \{i < r + s\vi G r}| + ^ar+i < 
i=i 1=1 

r 

(m + l)n — Qi — dim T < mn + dim r, 

1=1 

since dim T = n — dim r, and there is at least one i < r, with Vi ^ T (as 
r 7^ {0}, we have T S, and going downward, we get TflS'o ^ Sq). □ 
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Appendix 

by David Eisenbud and Edward Prenkel 

Let G be a connected simple algebraic group over an algebraically 
closed field k of characteristic zero, and g its Lie algebra. Denote by 
the ring of functions on g. Let /(g) be the subring of G-invariants 
(equivalently, g-invariants) of A;[g] under the adjoint action. According 
to a theorem of B. Kostant ||Kos|| , /(g) = k[Pi, ...,P£] for some graded 
elements Pi,...,Pi of A;[g]. Here i = rankg and degPj = di equals the 
ith exponent of g plus 1. By definition, the nilpotent cone N of g is 
Spec A;[g]/(/(g)+), where (J(g)+) = {Pi,...,Pi) is the ideal generated 
by the augmentation ideal /(g) + of /(g). 

Kostant |[Ko^| has proved that k[g] is free over /(g). This impor- 



tant result has numerous applications; in particular, it implies that the 
universal enveloping algebra U{q) is free over its center. 

Our goal is to formulate and prove an analogue of Kostant's theorem 
in the setting of jet schemes. 

Let Gn be the nth jet scheme of G. This is an algebraic group, 
which is isomorphic to a semi-direct product of G and a unipotent 
group. The infinite jet scheme Goo of G is a proalgebraic group, which 
is isomorphic to a semi-direct product of G and a prounipotent group. 
The Lie algebra of Gn is the nth jet scheme g„ of g. The Lie algebra 
of Goo is the infinite jet scheme goo of g. We have: Qn = 5[t]/it"'~^^) 
and goo = g[[^]]- The natural projections goo — > gn give us embeddings 
in ■ k[gn] ^ A; [goo]. 

Let d = dimg and let Xi, . . . ,Xd be a basis of g*, which we take 
as a set of generators of k[g]. We can view them as elements of k[Qn] 
and fc[goo] using the embeddings Define a function x'f^\m > 0, on 
g„, n > m and on goo by the formula 

4'^\yit)) = x,{drym=o), y{t) G gM/(r+i)org[[t]]. 

The ring A;[g„] (resp., A;[goo]) is the ring of polynomials in xf^\o < 
m < n (resp., m > 0). We introduce a Z>o-gradation on these rings 
by setting degx-™'' = m + 1. Note that each graded component of any 
of the above rings is finite-dimensional. 

The ring A; [goo] carries a canonical derivation D of degree 1, defined 
by the formula Dxf^^ = x^™^^^ (it corresponds to the vector field dt 
on g[[t]]). Let p/"*^ = D"^Pi. Using the injections z„, we view p/*"^ 
as elements of /c[g„],n > m. We have: degP/™'^ = di + m. Since 
the set {Pi,... , Pf} is algebraically independent, it follows that the 
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set {Pi"^\ . . . ,P^"^^}m>o is also algebraically independent. Because 
the elements Pi are G-invariant, the element p.*^™-' is G„-invariant for 
n > m and Goo^nvariant. 

Denote by /(5„) (resp., /(goo)) the ring of G„-invariants (resp., Goo- 
invariants) of k[g„] (resp., /i:[floo]) under the adjoint action. 

Proposition A.l.( PeDi)| ) The ring /(g^) (resp., I{Qoc)) is generated 
by the algebraically independent elements P'[^\ P^^\{i < m < n 
(resp., m > 0). Thus, /(0„) = A; [P^ -Pi™^]o<m<n and /(floo) = 

]m>0- 



k[Pt\...,Pt^' 



Proof. Let 0reg be the smooth open subset of g consisting of regular 
elements. It is known that the morphism 

X ■ 5vcg -^7 := Spec k[Pi, ... , Pi] 
is smooth and surjective (see [ Ko^| ). Therefore the morphism 



Xn • (greg)n. ~^ '^n '■— SpecA;[P]^ \ ...,-P^ ^]o<m<n 

is also smooth and surjective. 

Consider the map a : G x g^eg — ^ greg x greg defined by the formula 

a{g,x) = {x,g ■ x). The map a is smooth, and since G acts transitively 
along the fibers of X; it is also surjective. Hence the corresponding 
map of jet schemes a„ : G„ x (g^g)™ ^ (grcg)n x (greg)n is surjective. 

Given two points yi,y2 in the same fiber of Xn, let {h,yi) be a point 
in the (non-empty) fiber a~^(?/i, 1/2). Then y2 = h ■ yi. Hence G„ acts 
transitively along the fibers of the map Xn- 

Since k[Pl^\ P^'^^]o^m<n is normal, this implies that the ring of 
G„-invariant functions on (greg)n equals k[P^™'\ P^'^^]Q<rn<n- Be- 
cause greg is a smooth open subset of g, we obtain that (greg)n is dense 
in Qn, and so any G„-invariant function on g.„ is determined by its 
restriction to (greg)n- This proves the proposition in the case of the 
finite jet schemes. The same argument works in the case the infinite 
jet scheme as well. □ 

Let /(g„)+ be the augmentation ideal of the graded ring /(gn)- 
By Proposition A.l, the ideal (/(g„)+) in fc[g„] generated by /(gn)+ 

equals (-Pi'"'', P£™''')o<m<n- Hence we obtain that the nth jet scheme 
Jsf„ of the nilpotent cone !N is Spec A;[g„]/(/(g„)+). Likewise, 'Noo = 

Speck[Qoo]/{I{d 00/+7 • 

According to Kostant's results [|Kos|| (see ||BL|| , ||CG|| for a review) 



the nilpotent cone is a complete intersection, which is irreducible and 
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reduced. Moreover, it is proved in ||Hc|| that it has rational (hence 
canonical) singularities. Therefore we obtain from Theorem |3.3| and 
Proposition pT5|: 



Theorem A. 2. [N"„ is irreducible, reduced and a complete intersection. 
Corollary A. 3. The natural map k[Nn] k[J4n+i] is an embedding. 

Proof. Let Y be the open dense G-orbit of regular elements in 74. By 
Theorem A. 2, ?\f„ is irreducible. Hence Yn is dense in ?\f„. Since Y is 
smooth, Yn+i Yn is surjective. Therefore the map J^n+i T^n is 
dominant. □ 

Now we can formulate an analogue of the Kostant freeness theorem. 

Theorem A. 4. (1) k[Qn] is free over I{gn)- 
(2) fc[0oo] is free overl^Q^o)- 

Proof. Since 'Nn is a complete intersection, it is Cohen-Macaulay. There- 
fore k[gn] is a flat module over I{Qn) = k[Pl;'^\ P^'^^]o<m<n- Since 
-^(fln) is Z_(_-graded with finite-dimensional homogeneous components, 
flatness implies that A;[g„] is free over /(0n) (see, e.g., Ex. 18.18 of pi[|). 
This proves part (1). 

Since k[Qn] is free over /(fln), and both rings are Z+-graded with 
finite-dimensional homogeneous components, we obtain that any graded 
lifting of a A;-basis of kp^n] to k[Qn] is an J(g„)-basis of k[gn]- Con- 
versely, the image of any J(g„)-basis of k[gn] in k[J4n] is a /c-basis of 

k[y<n]- 

Now choose any graded basis Sn of k[Qn] over /(g„). Then the image 
S!^ of Sn in k[J4n] is a /c-basis of /i;[3\r„]. According to Corollary A. 3, 
the image of 5*^ C A;[!N„] in A;[!N„,_|_i] can be extended to a fc-basis of 
/c[!N„+i]. Hence the image of Sn in /c[0„+i] (we denote it also by S„) 
can be extended to an /(0„+i)-basis Sn+i of fc[g„_|_i]. 

Thus, we obtain a directed system Sn,n > 0, of sets of graded ele- 
ments of k[Qoo] and embeddings Sn > Sm, Vm > n. Let S be the union 
of all of the sets Sn,n > 0. Note that by Proposition A.l, /(floo) is the 
inductive limit of the directed system /(g„),n > 0. We claim that S is 
a basis of k[Qoo] over /(floo)- 

Indeed, consider the multiphcation map m : span(S') ® /(floo) 
k[Qoo]- This map is surjective: take any homogeneous element A of goo 
of degree a. Then it already belongs to k[ga]- Hence by construction A 
lies in the image of m. The map m is also injective. Indeed, suppose 
there is an element B in the kernel of m. Without loss of generality we 
can assume that B is homogeneous of degree b. But then B belongs 
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to the kernel of the map span(S'fc) ® I{Qb) k[Qb], and so i? = by 
construction. This completes the proof. □ 

Remark A. 5. Part (1) of Theorem A. 4 has been previously proved 
by Geoffriau [^] in the case when n = 1 (for arbitrary g) and in the 



case when q = sl2 (for arbitrary n). We thank M. Duflo for bringing 
the paper ||Ge|| to our attention. 



Remark A. 6. Bernstein and Lunts [pL|| have given an alternative 
proof of the original Kostant freeness theorem, using the isomorphism 
/(g) ~ A;[f)]^, and the Chevalley theorem which states that A;[f)] is a 
free over k[i)]^ (here f) denotes the Cartan subalgebra of g, and W 
denotes the Weyl group of g). In our case this approach cannot be 
applied: although there is a natural embedding of /(g„) to A;[[)„], the 
ring k[l)n] is not free over the image of /(g„). In fact, the latter equals 
A;[(f)/iy)„], which is strictly smaller than fc[f)„] 



Theorem A. 2 also implies the following result: 

Proposition A. 7. The space of Gn-invariants (resp., G oQ-invariants) 
of kp^n] (resp., k[J^oo]) consists of constants. 

Proof. The jet scheme Yn (resp, 1^00) of the open dense G-orbit Y oi'N 
is an orbit of the group G„ (resp.. Goo) in J^n (resp., Xoo). Therefore 
any invariant function on it is a constant. But according to the proof 
of Corollary A. 3, it is a dense subvariety in }sf„ (resp., ^oo)- Hence any 
invariant function on }sf„ (resp., 'Noo) is a constant. □ 



Remark A. 8. According to Theorem A. 4, the natural morphisms 
0OO Spec /(goo) and g„ — > Spec/(g„) are flat. Drinfeld has sug- 
gested that these morphisms may be viewed as local counterparts of the 
Hitchin morphism. More precisely, let A be a smooth projective curve 
over C, and Buuf; the moduli stack of G-bundles on X. The cotangent 
space T^Buug to Bun^ at 5" G Buug is isomorphic to //°(X, ggr® Q). 
Here gg^ = 3^ x g, and we identify g ~ g* using the invariant inner 

G 

product on g. The Hitchin morphism 

T* Buug ^ :k = ®UiH%X, fi®*) 

sends (3^,u; G H^{X,Q:f0n)) to {Pi{uj),... , Pe{uj)) G ^K. 

Let X be a point of X, and 0^; the completion of the local ring at x. 
Denote by the formal disc at x, = Spec 0^;. For each 3" G Buug 
we have a local analogue of the Hitchin map, 

: H''{D,,Q:,®Q) ^ = ©ti//°(/^,, fi^'^O- 
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If we trivialize 3^\dx and choose a formal coordinate t at x, the map 
becomes our map goo Spec J(goo)- Actually, for varying 5" and 
X ^ X, the spaces H^{Dx, 0?- ® ^) and "K^ can be glued together into 
schemes over X x Bun^ equipped with a flat connection along X, and 
the maps can be glued into a morphism between these schemes 
preserving connections. The Hitchin morphism then appears as the 
corresponding map of the schemes of horizontal sections. 

The flatness of the Hitchin morphism has been proved by Hitchin 
|Hit[ and Faltings | |l^'a|| . Drinfeld has derived the flatness of the mor- 
phism Spec /(fln) from the flatness of the Hitchin morphism (pri- 
vate communication). He asked whether one can find a purely "local" 
argument proving this fact. The above proof answers this question. 
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